Abstract-In this paper, the outage performance of a singlecell two-tier mmWave cellular system employing joint spatial division and multiplexing (JSDM) is investigated. It is assumed that the macro base station (BS) equipped with a large number of antennas serves the single antenna pico BS (as a relay) and users simultaneously, and that the pico BS is located at the edge of the macro cell. Theoretical analysis of the signal-to-interferenceplus-noise ratio (SINR) outage probability of each user is first obtained. The cell SINR outage probability is then derived. Simulation results demonstrating the performance improvement due to the relay introduced by the pico BS are provided. Overall, the impact of deploying pico BS in the single-cell mmWave cellular networks is characterized.
I. INTRODUCTION
With the vast use of smart phones, tablets and social networks, the demand of high data rates has surged recently. The fifth generation (5G) cellular system has been put forward to address the exponentially increased demands in mobile data traffic. In this regards, different techniques have been proposed by the academia and the industry, e.g., massive multiple input multiple output (MIMO) [1] , millimeter wave (mmWave) [2] and ultra-dense networks [3] . Of particular interest is the mmWave communication systems.
Despite the great potential of high data rates with mmWave systems due to the richness in bandwidth, the transmission range is generally limited due to the high free-space pass loss and poor penetration in high frequency [2] . Thus, it is highly possible that some user may fall in outage in mmWave systems, and hence the coverage analysis of mmWave systems have attracted much attention recently (see e.g., [5] - [9] and references therein). For instance, the authors have proposed a stochastic geometry framework for analyzing the coverage and rate of mmWave systems assuming pencil beams for the user in [5] . They have shown that there is an optimal relative base station (BS) density for the signal-to-interference-plus-noise ratio (SINR) and rate performance beyond which the performance doesnot improve in a dense mmWave network. In [6] , the authors made a further step and investigated the coverage in heterogeneous mmWave networks with homogeneous Poisson point process (PPP) models of the BS and user distributions, where direction beamforming with pencil beam at the BSs is assumed. It has been shown that biasing towards the small cells in user association can improve both the coverage probability and the rate. Also, the authors assumed homogeneous PPP model for the macro cells while Poisson hole process (PHP) model for small cells and studied the coverage of the proposed non-uniform mmWave heterogeneous cellular network in [7] . They have also shown that there exists an optimal density of the small cells to achieve the best coverage probability. The performance of relay assisted mmWave systems has also been characterized in [8] . Note however that the above works generally assume ideal pencil beams for the direction beamforming. In practical mmWave systems, large antenna arrays, or massive MIMO, are usually deployed at the macro BSs, in which case the ideal sector beam may not hold and different approximate beam patterns have been incorporated for coverage analysis in [9] .
Moreover, for mmWave systems employing massive MI-MO, a two-stage precoding scheme, joint spatial division and multiplexing (JSDM) has been proposed in [11] . The idea of JSDM is to make use of the channel covariance information to reduce the channel estimation overhead and mitigate the interference for users in different groups partitioned according to covariance subspaces [10] . The authors have shown that taking advantage of the highly directional channel characteristics, the covariance based JSDM scheme can achieve remarkable sum rate. Nevertheless, the coverage analysis associated with the mmWave communication systems employing JSDM is still lacking.
In this paper, we investigate the outage performance of heterogeneous mmWave communication systems employing JSDM. We consider the single-cell scenario with a macro BS and a small BS to study the performance of relay aided millimeter wave system. We assume that the macro BS employs JSDM to serve the users and the pico BS simultaneously, and the pico BS works in full-duplex mode and employs decodeand-forward (DF) to forward the data from the macro BS to its served user. We propose a new cell association strategy considering the relay channel formed by the two-tier network. Subsequently, we derive the average outage probabilities of the single-cell system. Numerical results in accordance with the theoretical analysis are provided as well.
The paper is organized as follows. The system model and the preliminaries on the user association and JSDM are briefly introduced in Section II. Section III discusses the main results in the single-cell scenario in detail. Numerical results are provided in Section IV. Finally, Section V concludes this paper, with some lengthy proofs in the Appendix. 
II. SYSTEM MODEL AND PRELIMINARIES

A. System model
As shown in Fig. 1 , we first consider a cell where a macro BS equipped with antennas with uniform linear array (ULA) serves single-antenna users with the aid of a singleantenna pico BS located at the edge of the cell 1 . Both the macro-and pico BSs work in the same frequency band. It is assumed that the users are independently and uniformly distributed. Depending on the design of the cell association, certain users will be served by the full-duplex pico BS within the coverage of the macro BS. Note that we assume that the pico BS employs DF to process and retransmit the message sent from the macro BS to the user in pico-cell. We assume that full-duplex can be achieved with perfect self-interference cancellation. We further assume that the macro BS employs JSDM for data delivery to the users and the pico BS. Denote the radius of the macro-cell as and the radius of the picocell as . Let and be the transmission power levels at the macro and pico BSs.
B. Association Strategy
Typically, the user is served by the BS with the smallest path-loss, i.e., the user is associated with the macro BS if
where and denote distance between the user and the macro-and pico BS, respectively, and is the path loss exponent.
In this work, we consider a scenario that the pico-cell serves as a relay instead of an individual BS. With the aid of relays, it is possible to extend the coverage and improve the quality of communications of the mmWave systems. Note that with the DF protocol, the instantaneous rate of the relay channel is given by the minimum rate of the two links [13] , i.e., the minimum rate of the link between the macro BS to the pico BS and the link between the pico BS and the user. Therefore, we propose the following cell association strategy such that 1 Note that since we employ JSDM at the macro BS in this work, the pico BS is assumed to lie in one group of the users partitioned by the channel covariance subspace as will be detailed later.
the user is associated with the pico BS if
where denotes the distance between the macro-and pico BS. Denote 1 as the probability that the user is associated with the macro BS and 2 = 1 − 1 as the probability that the user is associated with the pico BS. We will obtain the expression for 1 and 2 after introducing the channel model.
C. Joint Spatial Division and Multiplexing with Per-Group Processing (JSDM-PGP)
As shown in Fig. 1 , we also consider the one-ring scattering model for the channel between the users and the macro BS, i.e., the channel covariance matrix for a user in group located at AOA with AS Δ is given by
[R ] , = 1 2Δ
where denotes the distance between the macro BS antenna elements in terms of carrier wavelength. Assuming that the eigenvalue decomposition of R is given by R = U ΛU , where is a tall unitary matrix of dimensions × , Λ is a × diagonal semi-positive definite matrix, and denotes the rank of . Thus, the channel of user in group can be written without loss of generality as
where w ∼ (0, ) is an i.i.d. Gaussian random vector. In order to facilitate the analysis, we rewrite (4) as,
whereŨ andΛ 1/2 matrices of dimension are × , the dimension ofw is × 1. Through simple geometry analysis, we have the following result.
Proposition 1: In the heterogeneous network with a macro BS and a pico BS, the probability that the user is associated with the macro BS and the pico BS in group is given by
respectively, where = arcsin ( / ). We assume that JSDM-PGP, a two-stage transmission scheme with dimension reduced channel state information, is employed at the macro BS. In this scheme, users are divided into groups with users each group and = ∑ =1 . In the absence of the pico BS, the received signal at the served users in group is given by
where Generally, B is designed based on the long-term channel statistics to null the inter-group interference, i.e., H B ′ ≈ 0, for all ′ ∕ = . P is decided by the equivalent channel H B seen by the users in group . For PGP, it is assumed that P = I such that different data streams are delivered along different beams determined in the first-stage such that the instantaneous channel feedback can be avoided [11] .
III. SINGLE-CELL SCENARIO
In this section, we consider a single-cell with one macro and one pico BS. We investigate the SINR coverage probability of the considered system model. Note that if some users are associated with the pico BS, then the pico BS will be viewed as one user of the macro BS instead and we have a relay channel for such users. We assume the channel h between the macro and the pico BS also takes the form of (4) in a specific group. On the other hand, we only consider large scale fading for the channel between the single-antenna pico BS and the user associated with the pico BS, while the small scale fading follows Rayleigh distribution for the channel between the single-antenna pico BS and the user served by the macro BS. Since both the macro-and pico BS work in the same frequency band, we will have inter-tier interference.
A. The Analysis of SINR
Taking into account the path loss effect, the received signal of a user served by the macro BS can be expressed as
where s is the sent signal from the macro BS for the users and the pico BS in group , ℎ ∈ (0, 1) is channel between the pico BS and the user served by the macro BS and is the sent signal from the pico BS.
Regarding the user served by the pico BS, we have a twohop full-duplex DF relay channel and the received signals at the pico BS and the user are given by
respectively. In the above equations, denotes the received signal from the macro BS at the pico BS, denotes the received signal vector of the user served by the pico BS, and denotes the received signal of the user served by macro base station.
Assuming equal power allocation among the data streams, the SINR of a typical user in group served by the macro BS can be expressed as
where = 0 denotes the equivalent transmitted signal-tonoise ratio (SNR) at the macro BS for each data stream, and is the number of data streams. The rate of user in group served by the pico BS is decided by [13] SINR = min
where b denotes the first-stage precoding vector at the macro BS for the pico BS, SINR denotes the SINR of the received signal from the macro BS at the pico BS, and SINR , denotes the SINR of the received signal from the pico BS at the user in group .
B. User SINR Outage Probability
First, we can show the following result regarding the outage probability of the user served by the macro BS.
Theorem 1: The outage probability of the user served by the macro BS is given by
where Regarding the user served by the pico BS, we immediately have the following result.
Proposition 2: In the single-cell scenario, the outage probability of the user served by the pico BS is given by
The above result is obvious since when the SINR of the link between either the macro-and pico BS link or the pico BS and user is smaller than , the resultant relay channel will be in outage [8] . Then, we can obtain the user SINR outage probability associated with the relay, i.e., the pico BS, as follows.
Corollary 1: The outage probability of the user served by the pico BS is given by 
respectively. The first element of 1 is 1 and others are zero and its dimension is × . Again, we assume
Then we can get the maximum eigenvalue , ,1 ( ) of A ( ) and 
C. Cell SINR Outage Probability
Above, we have obtained the single user outage probability in the considered cellular network. Note that the cell is in outage whenever there is one user in outage, i.e., the coverage to all users cannot be guaranteed. The cell SINR outage probability can be characterized below.
Theorem 2:
For the macro base station serving users employing JSDM-PGP with the aid of a single antenna pico base station, the users are divided into groups with ∑ =1 = , the cell SINR outage probability is given by
where is the number of users served by the pico BS,
out ( ) and ′ out ( ) are the average outage probability of the user associated with the macro BS and the pico BS in the group and the user associated with the macro BS in other group ′ , respectively, and are defined in (24), (25) and (26), respectively, where is integration variable denoting the distance between the user and the macro BS, is integration variable in terms of the AOA, 0 is the maximum AOA within the coverage of the pico BS, Υ is defined in (27), Note that it has been shown in [6] that the mmWave systems are generally noise limited. For the noise limited systems, we can further simplify the expressions for 
Theorem 3:
In case of no interference, we have the follow-
ing approximation for
where
cos cos( + sin ) ,
IV. NUMERICAL RESULTS
In this section, we evaluate the SINR outage probability of the single-cell heterogenous mmWave network. The parameters are listed in Table I . We let = 1, i.e., the first group contains the pico BS.
In Fig. 2 , we plot the SINR outage probability for the user in a single cell with and without a pico BS, respectively. We assume = 128. First, we can see that the simulation results match the analysis results, validating the theoretical expressions. Also, we can find that employing a pico BS as a relay in the mmWave cellular network employing JSDM can improve the outage performance, e.g., around 1 dB increase at out = 0.1. Henceforth, we only show the plots of the theoretical analysis. In Fig. 3 , we compare the SINR outage probability with the SNR outage probability. Note that the two curves are close to each other, implying that the heterogeneous mmWave network employing JSDM is still noise-limited in accordance with the previous findings [6] .
In Fig. 4 , association strategy one denotes the strategy
and association strategy two denotes the strategy min{ − , − } ≥ − we proposed. Comparing the two strategies, we can see that the association strategy two we proposed is better than the association strategy one, and the performance of association strategy one is almost the same as the performance without a pico BS. 
V. CONCLUSION
In this paper, we have provided a general analytical framework to compute the SINR outage probability of a twotier mmWave cellular network employing JSDM. We have assumed that the full-duplex pico BS employs DF protocol. We have analyzed the cell SINR outage probability of the two-tier network in the single-cell scenario. Numerical evaluations in consistence with the theoretical analysis have been provided. We have shown that employing pico BS can be helpful for a macro BS employing JSDM scheme and that the system is still noise-limited. Future extensions to the more complex scenario with multiple pico-cells in a macro-cell and multiple macro-cells can be expected. 
